We show that if a Hamiltonian system has the robustly orbitally shadowing property, then it is Anosov. Moreover, if a Hamiltonian system has the robustly orbitally inverse shadowing property with respect to the class of continuous methods, then it is Anosov. MSC: 37C10; 37C50; 37D20
Introduction
The various shadowing theory (shadowing, orbital shadowing, inverse shadowing, orbital inverse shadowing property) is close to the stability theory. In fact, Sakai has shown in [] that if a diffeomorphism belongs to the C  -interior of the set of all diffeomorphisms having the shadowing property, then it is a structurally stable diffeomorphism. Pilyugin et al. [] proved that if a diffeomorphism belongs to the set of all diffeomorphisms having the orbital shadowing property, then it is a structurally stable diffeomorphism. It extends the result of the shadowing property. For the orbital shadowing property, we can find many results (see [-] ). The notion of the inverse shadowing property is a dual notion of the shadowing property which was introduced by Corless and Pilyugin in [] . Pilyugin [] and Lee [] proved that if a diffeomorphism belongs to the set of all diffeomorphisms having the inverse shadowing property with respect to the class the continuous method then it is a structurally stable diffeomorphism. The qualitative theory of dynamical systems with the property was developed by various researchers (see [-] ). The inverse shadowing property is related to topological stability. In fact, if a dynamical system is topologically stable then it has the inverse shadowing property with respect to the continuous method, but the converse does not hold in general. The following can be found in [] .
Example . Let f be a diffeomorphism on a manifold M. Then we consider the equiv- 
where 
is the tangent space to the energy level set. Then
and let ⊂ M be a X t H -invariant, closed, and regular set of M. We say that is hyperbolic
for any x ∈ . We say that a Hamiltonian system (H, e, E H,e ) is Anosov if E H,e is hyperbolic for the Hamiltonian flow X t H associated to H.
Orbital shadowing
Let (H, e, E H,e ) be a Hamiltonian system. For any δ > , a sequence {(x i , t i ) :
We say that (H, e, E H,e ) has the shadowing property if for any > , there is δ >  that satisfies the following property: given any δ-pseudo-orbit {(x i , t i ) : t i ≥ , i ∈ Z} for all i ∈ Z, there is a point y ∈ E H,e and an increasing homeomorphism h : R → R with h() =  such that
for any i ∈ Z and for any S i ≤ t < S i+ .
Let A and B be closed sets of M. Then we can define the Hausdorff distance as follows:
We introduce the notion of the orbital shadowing property. For x ∈ M, we denote by Orb X H (x) the orbit of H through x; that is, Orb X H (x) = {X t H (x) : t ∈ R}. We say that (H, e, E H,e ) has the orbital shadowing property if for any >  there is δ >  such that for any (δ, )-pseudo-orbit ξ = {(x i , t i ) : t i ≥ , i ∈ Z} there is a point y ∈ E H,e such that
This means that ξ ⊂ B Orb X H (y) , and
where B (A) is a neighborhood of A.
Note that the orbital shadowing property is a weak version of the shadowing property: the difference is that we do not require a point x i of a pseudo-orbit ξ and the point X t i H (y) of an exact orbit Orb X H (y) to be close 'at any time moment'; instead, the sets of the points of ξ and Orb X H (y) are required to be close. We say that (H, e, E H,e ) has the robustly orbitally shadowing property if there is a neighborhood U of (H, e, E H,e ) such that every (H  , e  , E H  ,e  ) ∈ U has the orbital shadowing property.
In [], Bessa et al. proved that if a Hamiltonian system has the robustly shadowing property then it is Anosov. From this fact, we have the following result, which is more general than the result of [].
Theorem . Let (H, e, E H,e ) be a Hamiltonian system. If (H, e, E H,e ) has the robustly orbitally shadowing property, then it is Anosov.

Orbital inverse shadowing
Let H ∈ C  (M, R), and let (H, e, E H,e ) be a Hamiltonian system. A mapping :
is called a (δ, T)-method for H if for any x ∈ M, the map x : R → M defined by We say that (H, e, E H,e ) has the orbital inverse shadowing property with respect to the class T d if for any >  there is δ >  such that for any (δ, )-method ∈ T d (δ, H) and any point x ∈ M there is y ∈ M such that
is a (δ, T)-pseudo-orbit of H. is said to be complete if (, x) = x for any x ∈ M. Then a (δ, T)-method for H can be considered as a family of (δ, T)-pseudo-orbit of H. A method for H is said to be
where Orb(y, ) = { (t, y) : t ∈ R}. Note that if H has the inverse shadowing property with respect to the class T d , then H has the orbital shadowing property with respect to the class T d . But the converse is not true. Indeed, an irrational rotation map does not have the inverse shadowing property, and the map has the orbital shadowing property. We say that (H, e, E H,e ) has the robustly orbitally inverse shadowing property with respect to the class T d if there is a neighborhood U of (H, e, E H,e ) such that for any (H  , e  , E H  ,e  ) ∈ U has the orbital inverse shadowing property with respect to the class T d .
In [], Bessa et al. proved that if a Hamiltonian system is robustly topologically stable then it is Anosov. Note that by the definition of topological stability, the inverse shadowing property with respect to the class of the continuous method is a general notion of topological stability. It means that if a system is topologically stable, then it has the inverse shadowing property with respect to the class of the continuous method, but the converse is not true. From these facts, we have the generalization results as follows.
Theorem . Let (H, e, E H,e ) be a Hamiltonian system. If H has the robustly orbitally inverse shadowing property with respect to T d , then it is Anosov.
5 Proof of Theorem 3.1 and Theorem 4.1 A Hamiltonian system (H, e, E H,e ) is a Hamiltonian star system if there is a neighborhood U of (H, e, E H,e ) such that for any (H  , e  , E H  ,e  ) ∈ U , the corresponding regular energy hypersurface E H  ,e  has all hyperbolic closed orbits.
In [], Bessa et al. showed that if we have a Hamiltonian star system on a four dimensional manifold, then it is Anosov. Afterwards, Bessa et al. proved the following.
Lemma . [, Theorem ] If (H, e, E H,e ) is a Hamiltonian star system, then it is Anosov.
To prove Theorem . and Theorem ., it is enough to show that a Hamiltonian system (H, e, E H,e ) is a Hamiltonian star system. For this, we need the following proposition. (H, e, E H,e ) 
Proposition . Let
Let N x be a transversal section to the flow at x, a flow box associated to N x is defined by
(N x ), where τ  , τ  are taken small such that F(x) is a neighborhood of x foliated by regular orbits. The following lemma is a version of Frank's lemma for Hamiltonians.
Let (H, e, E H,e ) be a Hamiltonian system and let p be a periodic point in E H,e with period π(p). For a point p ∈ E H,e , N p ⊂ M is transverse to the flow, that is, a local (n -)-submanifold for which X H is nowhere tangency. Define the n - symplectic submanifold
H (x) for all x ∈ V , where τ (x) is the return time to N p defined by the relation X Moreover, if the multiplicity of the eigenvalues  and -, then it is even. Recall that if we let W be a small neighborhood of a regular energy hypersurface E H,e , then there exist a small neighborhood U of the Hamiltonian H and >  such that for any H  ∈ U and for any e  ∈ (e-, e+ ), we have H The following is the proof of Proposition .(a). (H, e, 
Lemma . Let
